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Abstract
In order to keep their cohesiveness during locomotion gregarious animals must
make collective decisions. Many species boast complex societies with multiple
levels of communities. A common case is when two dominant levels exist, one
corresponding to leaders and the other consisting of followers. In this paper
we study the collective motion of such two-level assemblies of self-propelled
particles. We present a model adapted from one originally proposed to describe
the movement of cells resulting in a smoothly varying coherent motion. We shall
use the terminology corresponding to large groups of some mammals where
leaders and followers form a group called a harem. We study the emergence
(self-organization) of sub-groups within a herd during locomotion by computer
simulations. The resulting processes are compared with our prior observations
of a Przewalski horse herd (Hortobágy, Hungary) which we use as results from
a published case study. We find that the model reproduces key features of a
herd composed of harems moving on open ground, including fights for followers
between leaders and bachelor groups (group of leaders without followers). One of
our findings, however, does not agree with the observations. While in our model
the emerging group size distribution is normal, the group size distribution of
the observed herd based on historical data have been found to follow lognormal
distribution. We argue that this indicates that the formation (and the size) of
the harems must involve a more complex social topology than simple spatial-
distance based interactions.
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1. Introduction and motivation
Living in social structures with multiple levels of hierarchy is widespread
in the animal kingdom [1, 2]. Examples range across several taxa, beginning
with humans and primates [3, 4], through elephants [5], to whales [6, 7] and
equids [8, 9]. There are numerous examples of subgroups forming around a
single individual. For example groups may emerge around a matriarch from her
descendants, like in african elephants [5], sperm whales [7], and killer whales
[6]. Alternatively a reproductive unit may form around a breeding male with
several breeding females and their young as in Przewalski horses [10] and plains
zebras [9]. These breeding units can sometimes also include non-breeding males
as well, like in hamadryas baboons [4] or geladas [11].
Our aim in the current study was to examine the way in which such a two-
level hierarchy may spontaneously emerge in a group and what implications that
hierarchy might have for the collective motion of the group. Our motivation and
empirical basis was the collective motion of a Przewalski horse herd in light of
group formation within the herd, aided by observations made in [12] at the
Hortobágy National Park in Hungary. As mentioned before, the Przewalski
horse herd is split into harems, organized around a breeding male, with several
breeding females and their young offspring. So-called bachelor groups, which
consist of males that do not have there own harem are also present [13]. It
should be noted, that although zebra harems form herds in the wild and have
a very similar social structure to the Przewalski horse, the Przewalski herd at
Hortobágy is only semi-wild as it lives in a bounded environment, which may
force them into a herd. Although this has not been studied thoroughly, park
officials reported, that the initial population did not form a herd, which only
appeared after the growth of population density.
Both the collective motion of several different species of animals [14], and
the emergence of hierarchy within the social system of the Przewalski horse
[12] have already been modelled. Conversely, the collective motion of animals
that are hierarchically organized into subgroups within a larger group have not
been modelled. Thus, we aimed to construct a model of group formation and
collective motion of a herd composed of sub-groups as a self-propelled particle
(SPP) model in two dimensions, where we identified leaders forming harems,
and followers making up these harems.
Leadership is a common concept invoked to explain coordinated group move-
ments. In ungulates this is often attributed to a single individual. A recent study
[15] raises interesting questions about the validity of such a concept, based on ob-
servation of two groups of 12 and 6 Przewalski horses. Using different definitions
of leadership (moving first, moving in front, or eliciting joining to movement),
no individuals that could be consistently classified as a leader were identified.
Some limitations to that study are that several types of movements were not
measured. In addition movements in the breeding season were also not mea-
sured; this was deemed problematic because in the breeding season the stallions
directly elicit movements of their harems away from other stallions. Also, due
to methodological reasons, only short periods of the day were observed. It has
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been shown in some cases that in the same group different type of leadership
hierarchies might arise in different contexts [16, 17], and there are examples in
nature where certain individuals in animal groups consistently act as leaders, for
example in zebras and dolphins [18, 19]. These imply that although attributing
leadership to a single individual might not be applicable in all circumstances,
it does have explanatory power in a wide range of scenarios. As such it stands
to reason that conceptualizing the division between leaders and followers di-
chotomously helps simplify modelling at a minor cost. Simplifying modelling
is helpful in the initial understanding of the type of collective movement we
analysed in the present article. Nonetheless this recent study has implications
that warrant further field studies of leadership in animals. It would be partic-
ularly illuminating to have detailed and continuous data on the movement of
large groups of Przewalski horses, which is not easy task, since we do not know
of any herd, where attaching measurement devices to the animals is allowed by
officials. A substitute for real wild horses could be domestic and feral horses,
on which studies have also been carried out [20, 21]. Interestingly, these studies
concentrate on movement initiation and not the collective motion itself, showing
a somewhat different point-of-view in physicists and biologists.
Herein we consider an earlier SPP model of collective cell movement [22]
and extend it with a two level hierarchy by introducing two distinct types of
particles (i.e. leaders and followers) while simultaneously attempting to limit the
increase in the number of parameters. In contrast with [12] the group formation
is not driven by the environment of the herd, but by interactions dynamically
evolving during the collective motion of the individuals. While formulating
the model, we concentrated on mimicking the movements of Przewalski horses.
While this specificity adds some complexity to our model, relative to what is
usual in statistical physics, it is mostly related to nuances in movement and
does not play a major factor in group formation, which was our main focus.
Our study could have potential implications for understanding how and why
group formation occurs in nature, how group formation affects the system in
which it is happening and the rules governing collective motion in a two-level
system. Inferring the universalities and the particulars of the different kind
of mechanisms, could potentially be used to artificially control both living and
human-made systems, such as domestically kept horse herds or flocks of drones.
2. Model
The model is based on [22] in which a model was developed to depict the
collective motion of cells. We modified this model to accommodate two types
of SPP-s (leaders and followers), asymmetric interactions and group formation
rules. While extending this model we aimed at minimizing the number of extra
parameters. Compared with the usual SPP models the model of [22] gives
smoother results due to intrinsic relaxation times. We choose parameters that
allow the development of motion that resembles the movements of a herd made
of harems as close as possible within the framework of the model. We provide
a graphical overview of the model in Figure 1 and an introduction here.
3
The movements of the horses in the model are confined to a square area, large
compared to the size of the herd, representing the herding area available to them
(Figure 1 boundary). Periodic boundary conditions were not considered, first,
because it is not realistic, and second, because it does not make sense in a co-
moving herd to conceptualize that the front may interact with the rear. Also,
we introduce a tendency for horses that stray too far from the herd to head back
while still going in the general direction of the herd’s (Figure 1 a)).
All horses may follow all other horses, but the strength of the interaction
depends on the types and orientations of the SPP-s in question. Given, that
it is plausible that leaders must also pay attention to followers, they will fol-
low followers too, but to a much smaller extent than the other way around.
Although the interactions taking place are based on metric distances, we in-
troduce a directedness, meaning that a horse will follow the ones in front of it
more than the ones behind it. Several types of interaction modes have been
suggested in modelling collective motion. Early models used a simple metric
distance, e.g., interacting with anybody nearer than a given distance [23]. Later
topological distances were introduced, e.g., interacting with a fixed number of
nearest neighbours [24]. Recently it has been proposed that the most biolog-
ically correct interaction ranges should be based on visual perception [25]. In
our case, vision plays little part as equine vision is near 360◦ [26] and neither
the distances within the herd nor the density of the herd imply that occlusion
would have a major effect on interactions. As such, the effect of following the
ones in front, rather than the ones behind is related more to the logic of not
turning around if there are others heading in the same direction as oneself.
Leaders who acquire followers (i.e., a harem), will stay farther away from
other leaders than if they were without followers (Figure 1 b) and c)). Harems
are established based on spatial distance, but followers will gradually belong
more and more to the leader they follow, making it easier for them to stay
close, because of the stronger and slightly longer distance interactions with
their leader than with another leader (Figure 1 d)).
Our model starts from randomized initial positions and velocities, without
followers being assigned to any leader, thus all followers find groups and leaders
at the same time. Our model forgoes the introduction of complex social rules
by using only spatial interactions as described above and not taking into consid-
eration that in reality, a new horse would be introduced to a herd already split
into harems. On the other hand, taking the latter into consideration would not
allow for the study of emergent group formation.
2.1. Formal model description
We have NL number of leaders and NF number of followers (the list of
parameters can be found in Table 1). The 2-dimensional motion of the horse
i ∈ {1,N = NL +NF} is described by the overdamped dynamics
dri(t)
dt
= v0ini(θi) +
N∑
j=1
j 6=i
Fint(rij , ϕij) + Fcom(r¯ − ri, v¯) + Fwall(ri,vi) + ξ (1)
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Figure 1: Graphical overview of the model depicting a small herd inside the boundary with
various parts of Fint,r(ri, rj) and Fcom shown. Radii are drawn to scale (cf. Table 1 for
actual values), and the herd is magnified from within the boundary to show the forces. Solid
arrows depict direction of forces, dashed arrows depict actual velocities. The following details
are included: a) a horse farther from the center of mass than the given boundary (large green
circle centred on the center of mass) will move towards the herd but also in the direction the
herd is going, b) & c) leaders without groups can go closer to each other than to a leader
with a group, while followers can go even closer to a leader, d) the attraction radius of the
follower-leader interactions is generally smaller than that of the leader-leader interactions, but
it is increased when interacting with the leader of the follower’s group.
where t is time, ri is the position of and vi is the velocity of horse i, v0
is a preferred speed which differs for leaders and followers, ni is a unit vector
characterized by the angle θi, Fint is a pairwise interaction with rij = |ri − rj |
and ϕij being the angle between ri−rj and vi, Fcom is a global force dependant
on the position (r¯) and the velocity (v¯) of the center of mass of the herd, Fwall
is the force acting at the boundaries and ξ is a vector whose components are
delta-correlated white noise terms with zero mean.
The direction of the self-propelling velocity ni(t), described by the angle
θi(t), attempts to relax to vi(t) = dri(t)/ dt with a relaxation time τi:
dθi(t)
dt
=
1
τi
arcsin
[(
ni(t)× vi(t)|vi(t)|
)
· ez
]
, (2)
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where ez is a unit vector orthogonal to the plane of motion, and τi differs for
leaders and followers. This relaxation provides smooth transitions of the ni(t)
desired velocities. The value of τ was chosen larger for leaders than followers,
implying that leaders are harder to ”convince” than followers to change direc-
tions, but our results are not sensitive to changes in τ .
The Fint(rij , ϕij) force that carries the direct interaction between the horses
can be split into the product of a spatial part (Fint,r(rij)), and a coefficient
part (Fint,ϕ(ϕij), the latter being dependent on the angle of the direction of
horse j from horse i and the direction of the velocity of horse i. The spatial
part consists of a pair-wise, asymmetrical force, the direction of which lies on
the line passing through the center of masses of the interacting horses and the
magnitude of which is the function of the distance rij between the horses [22].
The actual form of the force depends on the type of horses involved:
Fint,r(rij) =

FLL(rij), if i and j are both leaders,
FFL(rij), if i is a follower and j is leader,
FLF(rij), if i is a leader and j is a follower,
FFF(rij), if i and j are both followers.
(3)
For all four cases there are two radii defined, RAT which is the range of
attraction, and a smaller radii REX, which is the range of repulsion, and also a
distance L, which defines a distance inside RAT but outside of REX, splitting the
force into four parts depending on distance, namely a repulsive, an attractive
and two non-interacting regimes, with different coefficients for all four types of
interaction in both the interacting regimes (FAT for the attractive and FEX
for the repulsive), thus having 8 radii with 8 coefficients and 4 distances. On
the example of FLF(rij) the equations look like this (leader-leader and follower-
leader interactions are slightly different):
FLF(ri, rj) = eij ×

FEXLF
rij−REXLF
REXLF
, rij < R
EX
LF ,
0, REXLF < rij < R
EX
LF + LLF,
FATLF
rij−REXLF
RATLF−REXLF−LLF
, REXLF + LLF ≤ rij ≤ RATLF ,
0, RATLF < rij ,
(4)
where eij = (ri− rj)/rij . The non-interacting part between REX and RAT was
chosen to be very small its only function being is to remove some ”vibrations”
that arise at such low densities, when a horse is on the edge of the attractive
and repulsive regimes. The form of the force is one of the simplest ways to
define gradually growing forces based on distances and the values of the specific
parameters were chosen to imitate that leaders with harem wish to protect
their followers from other leaders, while bachelor leaders themselves can create
groups.
In the cases of leader-leader (FLL) and follower-leader (FFL) interaction this
picture is slightly changed due to the formation of groups. Followers will develop
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a certain amount of affinity to leaders who are close by, that increases in strength
when they are close to the leader and decreases when they are farther away from
the leader. Each follower keeps track of time spent near each leader with the
quantities Dij ∈ [0,∞], which follow the simple dynamics
dDij
dt
=

+1, rij ≤ RATLF ,
−1, rij > RATLF and Dij > 0,
0, rij > R
AT
LF and Dij ≤ 0.
(5)
This is then translated into an affinity
Aij = 2A
 1
1 + exp
(−Dij
τA
) − 0.5
+ 1, (6)
where τA is the characteristic time of affinity increase and A is a constant. The
form of Eq. 6 was chosen so that Aij goes smoothly from 1 → A + 1 as Dij
goes from 0→∞. This effectively changes the parameters in Eq. 4 (but not in
Eq. 5!) for the FFL case from FATFL → AijFATFL and from RATLF → AijRATLF . This
allows a follower to split farther from the leader it belongs to, without leaving
the harem, thus introducing more consistency into the group compositions.
The definition of groups is based on the values Dij . Every follower is con-
sidered to be in the group of the leader for which the value of Dij is largest for
the given follower. The leader–leader interaction differs in one aspect if either
of the participating leaders have a group, by effectively increasing the repulsive
radius REXLL of both leaders fivefold when interacting with each other. As such
two leaders can be close to each other only if they don’t each have their own
groups. This is reminiscent of the distinction between bachelor groups, where
males are close together and harems, where the males are farther apart.
The velocity dependent part is the same for both leaders and followers:
Fint,ϕ(ϕij) =
−1
1 + exp(−4(ϕij − pi2 ))
+ 1, (7)
which effectively means, that a horse will pay more attention to horses that are
in front of it, rather than those that are behind it. The form was chosen because
of the saturation properties. The total interaction is thus
Fint(rij , ϕij) = Fint,ϕ(ϕij)Fint,r(rij). (8)
The force Fcom keeps the herd roughly together, since if one strays farther
than Rcom from the center of mass of the herd it will experience the force
Fcom(r¯ − ri, v¯) = Fcom |ri − r¯| −Rcom
Rcom
(
r¯ − ri
|r¯ − ri| + β
v¯
|v¯|
)
, (9)
where β is parameter that tunes how much the horse is guided in the direction
the center of mass is heading and Fcom is the overall strength of the force. Since
7
Rcom is relatively large this force is usually inactive, but will smoothly guide a
lost horse back into the herd (adopted from [27]).
The force Fwall sets the boundary conditions. The herd is confined to a
square area defined by the length D. This box is impenetrable and horses
cannot leave it. For the herd to approach this hard boundary in a realistic way,
there is a characteristic distance Rwall where the force Fwall is turned on:
Fwall(ri,vi) =
Fwall
2
(
sin
[
pi
(
Rwall − diw
Rwall
− 1
2
)]
+ 1
)(
vi · nw
vi · tw
)
, (10)
where diw is the distance of the horse from the boundary, nw is the normal
vector of the boundary and tw is the tangent vector of the boundary, driving
the horses smoothly along the wall (adopted from [28] and [29]).
Initially both leaders and followers are evenly distributed over a square with
a linear size of 500, with velocities also randomly distributed.
2.2. Parameters
Going, in a naïve way, from the one-type-particle model of [22] to the two-
type-particle model would increase the number of required parameters from 14
to 30 (some parameters are doubled and some are increased fourfold given every
possible combination of the particles). By considering that some of these are
unnecessary to duplicate (or make four of) our model has 23 parameters. Of
these only 7 are relevant in the sense that the formation of meaningful groups
is sensitive to their value (parameters that would destroy cohesion even in a
one-type-particle model were not taken into account), not considering the size
of the herd. A parameter was considered relevant if an increase by twofold or
a decrease by half resulted in 0.1% of followers not being in a group on average
(this is less than one per a realization of the model). For a complete list of
parameters see Table 1. Parameters were chosen so that cohesive movement
occurs and that group formation happens. Except for cases where there was
a reason to do otherwise, parameters that could be different for leaders and
follower were kept the same. The distances were chosen based on observations,
the coefficients of the various forces were chosen so that the phenomenology of
the movements resembles that of a real herd. The leaders are slightly faster
than followers so that they are able to stay in front of their harem. It must be
noted, that in many cases, leaders in real-life examples may not be at the front
of their group, but rather at the side or behind; we elected to use the leading-
from-front paradigm for the purpose of simplicity. Other choices pertaining to
parameter value selection have been mentioned in the previous section describing
the model.
3. Results
Our model, with the given parameters, produces a cohesive and ordered
motion of the entire herd, while forming groups around leaders and also bachelor
groups from group-less leaders. This is in qualitative agreement with the actual
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variable description default value approx. dimensions
relevant variables
A affinity of followers for leaders 1.3 1.3
τA characteristic time of affinity 500 218 s
FATFL strength of F-L attraction 0.03 0.0125m/s
RATLL radius of L-L attraction 200 36m
REXLL radius of L-L repulsion 15 2.7m
R*EXLL , 5R
EX
LL – 75 13.6m
FATLL , F
AT
LF strength of L-L and L-F attraction 0.01 0.0042m/s
NL number of leaders 25 25
NF number of followers 175 175
irrelevant variables
FATFF strength of F-F attraction 0.0002 0.000083m/s
FEXLL strength of L-L repulsion 2 0.83m/s
v0L velocity of leaders 1 0.416m/s
v0F velocity of followers 0.9 0.375m/s
τL L velocity relaxation time 3 1.31 s
τF F velocity relaxation time 1 0.44 s
ξ strength of the noise 0.5 0.21m/s
LLL, LLF, LFL, LFF non-interaction distances 1 0.18m
RATLF , R
AT
FL , R
AT
FF radii of attraction 50 9.1m
REXLF , R
EX
FL , R
EX
FF radii of repulsion 5 0.9m
FEXLF , F
EX
FL , F
EX
FF strength of repulsion 5 2.08m/s
Rcom radius of the cohesion force 250 45.5m
Fcom strength of the cohesion force 2.5 1m/s
β cohesion force parameter 0.01 0.01
Fwall strength of boundary repulsion 3 1.25m/s
Rwall distance of boundary repulsion 200 36.4m
D linear size of bounding box 10000 1800m
Table 1: Table of the parameters of the model grouped according to relevancy in group
formation. L and F abbreviate leader and follower respectively. The approximate proper
dimensions are based on a comparison with observed horses, see Section 3.3 for details.
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t = 100 t = 30000
Figure 2: Starting from a uniform random distribution of positions and velocities (left side)
the herd forms groups and exhibits ordered motion (right side). Blue dots represent leaders
and red dots represent followers (see Supplementary video 2 for a video example).
observed herd moving on an open plane and as an interesting extra phenomenon,
our model also includes “fights” between leaders for followers. By “fights” we
mean a situation where two or more leaders without groups get extremely close
to one or more followers and after a short time, one of the leaders “wins”, i.e. a
follower is ascribed to be in the leader’s group for long enough for it to chase
away the other leaders (see Supplementary video 1).
We find that the forming of groups within the herd causes cohesiveness to
drop compared to a case without groups. We also find, that in accordance with
but with a greater precision than the previous study, the group size distribution
of the horses living in the Hortobágy National Park is lognormal. In contrast
to this, the current model, based solely on spatial interactions, gives a normal
distribution, which implies that spatial interactions alone are not enough to
produce the observed group structure.
3.1. Cohesiveness of the herd
Starting from uniform random initial positions and velocities of the individ-
uals, after sufficient time, the model develops ordered motion throughout the
herd while forming groups and thus arriving at a structured and co-moving herd
(see Figure 2 and Supplementary video 2). We assume that during collective
migration the horses cannot stop, thus there are two phases of ordered move-
ment: translational movement, and collective rotation about the – otherwise
slowly moving – center of mass. Indeed, when it is not possible to stop (e.g.
due to fear), but is not feasible or desirable to move the herd as a whole, herding
mammals have been observed to rotate around a common point. To measure
translational cohesiveness we use the following translational order parameter
Φt =
1
N
∣∣∣∣∣
N∑
i=1
vi
|vi|
∣∣∣∣∣ , (11)
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Figure 3: The herd as a whole either exhibits an ordered translational motion or rotates around
a slowly drifting center of mass. This two different type of motion can be distinguished due
to the values of the translational (a) and rotational (b) order parameters. The plots are from
the same specific run of the model, with the curves smoothed by a window of ∆t = 1000.
The spikes during the translational phase are caused by the confining wall (see Supplementary
video 4 for a sample of an interaction with the wall).
and to measure the rotational cohesiveness we introduce the following rota-
tional order parameter
Φc =
1
N
N∑
i=1
P
(
vi
|vi|
)
, (12)
where P denotes projection onto the normal of the line going through ri and
r¯.
Going from a totally disordered translational movement to totally ordered
translational movement Φt will grow from 0 to 1, while Φc will move from -1
to 1, as the system moves from a totally ordered rotation around the center of
mass in one direction, through no collective rotation to totally ordered rotation
in the other direction.
We find that the system, with parameters given in Table 1 switches between
two modes, one of ordered rotation and one of ordered translational motion
(see Figure 3 and Supplementary video 3 for an example of a transition from
rotational to translational motion). Since the horses in the model do not have
the capacity to stop, in an event of indecision about the direction to move they
must rotate about a common axis, namely the center of mass. By averaging over
the full length of 1000 runs in total, we find that the rotations have no specific
direction, as expected (Mann-Whitney U-test, p = 0.96 on left-right similarity).
Calculating the pair-correlation function
ρ(r) = 〈δ(r − ri)〉, (13)
for the leaders in the normal scenario (i.e. where followers are present) and
in the scenario where followers are missing, we find that the main structure of
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Figure 4: The pair-correlation for a herd composed of leaders and followers, but only calculated
on the leaders (solid line), and in the case where only leaders are present (striped line). In
the latter case the distances are scaled with R∗EXLL /R
EX
LL , to compensate for the effect of no
leader having a group (leaders without followers can be closer to each other than ones with
followers). The main structure of the herd, even with followers, is set by the leaders, but the
presence of followers slackens the rigidity of this structure.
the herd is given by the leaders, and introducing followers only slightly loosens
this (aside from the fact that it increases the distances between the leaders, see
Figure 4). We also investigated the effect of introducing followers among the
leaders on the order parameter of the translational movement. Comparing Φt
(calculated using only the velocities of the leaders in two cases, one where there
are only leaders and one where there are also followers) we find that order is
decreased when allowing for followers and forming of groups (see Table 2). This
loss in the efficiency of the movement of the herd as a whole points to benefits
gained from social groupings outside the paradigm of simple locomotion.
〈Φt〉 〈Φt〉 (only leaders) 〈Φc〉 〈Φc〉 (only leaders)
w/o followers 0.866± 0.016 – −0.002± 0.011 –
with followers 0.608± 0.018 0.633± 0.017 0.025± 0.020 0.026± 0.021
Table 2: The translational and rotational order parameters averaged over 120 simulations
with standard errors. The duration of the runs were many times longer than the stabilization
of groups. The first row is from simulations where only leaders were present, the second row
is the full model with followers. In this case the averages were calculated on the whole herd as
well as on the leaders only. Adding followers and thus moving in groups decreases the order of
translational movement, implying that group formation has benefits other than increased herd
cohesion. Although the herd would rotate often, as expected, there is no specific direction of
the rotation (Mann-Whitney U-test on 1000 runs, where the simulations was terminated at a
time not long after stabilization of groups yields a p = 0.96 on left-rigth similarity).
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3.2. Group size distribution
Starting from a uniform random spatial distribution and group-less state,
the model, after sufficient time, will produce co-moving groups based on the
relative positions of leaders and followers. The emerging group size distribution
is normal, although some leaders and followers may not belong to a group.
We define groups by the highest (non-zero) Dij values of the followers, i.e a
group consists of the leader and the followers with their highest Dij rating
corresponding to this leader. This effectively means that groups are formed
by followers spending the most time with a specific leader. The group size
distribution rapidly reaches a close-to-final state and after some time relaxes to
the final state (see Figure 5). We show the transition by creating a histogram
of the group sizes at regular intervals during a simulation and taking the sum
of the differences of each respective bin of the histogram in two consecutive
measurements, averaged over 1000 independent simulations .
0 1 2 3
0
2
4
6
⋅104𝑡
Δ
Figure 5: The groups size distribution quickly stabilizes as it is shown by the plot of ∆. To
calculate ∆ we create a histogram of the group sizes at regular intervals during a simulation
and take the sum of the differences of each respective bin of the histogram in two consecutive
measurements. Each point is averaged over 1000 independent simulations.
On Figure 6 we show a comparison of the simulated distribution with real
data obtained from a Przewalski horse herd (see [12] for details). Since harem
sizes gradually change over time among the horses, the real data has been im-
proved by taking into account historical harem size distributions, showing a
more clear lognormal distribution than in the previous study of [12]. In this
previous study a network model was formulated to account for the lognormal
distribution of the group sizes, while the current model, based on purely spatial
interactions was not able to reproduce this. This indicates that at this level of
complexity, it is not possible to reduce social interactions to spatial interactions.
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Figure 6: Comparison of the group size distribution in the model with an empirical one
(the group size distribution of Przewalski horses living in the Hortobágy National Park).
The empirical distribution follows a clearer lognormal distribution than in [12] due to the
incorporation of historical data. The distribution obtained from the model is close to normal
and is mean-fitted to the empirical distribution. We attribute the difference to the fact that
the social interactions of horses are too complex to capture in purely spatial interactions.
3.3. Dimension scales
Horses usually travel by walking, which is roughly around 1.5 km/h based on
our aerial observations averaged over several minutes. In this model v0L is the
corresponding parameter of the walking speed. To compare our model’s length
scale with that of reality we have calculated the pair-correlation function of the
of the wild horses by using aerial pictures of the real herd and that of the herd
in our model and compared the first peaks. This roughly equates the arbitrary
length unit of our model to 0.18 m in reality (c.f. REXLF in Table 1). From this
we can calculate that the arbitrary time unit of our model is roughly equal to
0.44 s. This puts τL and τF at about reaction time (0.5 − 1.5 s), τA to about
3 and a half minutes, and the emergence of a coherent collective motion, with
stable harems to slightly less than 10 minutes. Since τL and τF both characterize
a fast cognitive process it is not unrealistic that the characteristic times are on
the scale of reaction times. Since in wild horses the groups do not form from
randomly distributed individuals spontaneously, but rather evolve in an already
laid down social context, the time needed for group formation is not readily
comparable to that of the real herd. On the other hand, for a group of 200
unfamiliar individuals, where leaders are already appointed and everybody is
actually already moving, the 10 minutes seems like a reasonable time for group
formation (the authors’ personal experience with spontaneous group formation
in human groups of comparable sizes would allow for even longer times).
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4. Conclusions
As the only truly wild horse in the world, the Przewalski horses, now mostly
living in relatively easily accessible nature reserves, have drawn considerable at-
tention. Both their collective movements [30] and the formation of their harems
have attracted interest [12]. However, the unique collective motion displayed by
this species, as a large herd consisting of cohesive harems moving together in a
coordinated way, has not been modelled to date.
Our model, adapted from a model designed for cells, is able to qualitatively
reproduce the motion of a wild horse herd moving on an open plain, along with
formation of groups consisting of one leader and some followers and bachelor
groups (group of leaders without followers), with a roughly adequate correspon-
dence of dimension scales. During the analysis of the behaviour of the model
we found three interesting phenomena.
First, the herd in our model will at times rotate around its center of mass,
while we have not observed the horses to circle, many animals do. This is the
direct effect of the fact, that in our model the individuals are unable to stop.
Indeed, animals that do rotate along a common axis are usually also unable to
stop (e.g. flying animals) or is infeasible or dangerous for them to stop. Although
some efforts have already been made to model the stopping of a group of animals
[27, 31], we suggest further investigations into a model, that would allow for not
only the stopping of, but also for the resuming of locomotion.
Second, the translational order parameter is decreased when we introduce
followers among the leaders, thus the considered grouping process within the
herd effectively reduces locomotion efficiency. In many systems the interactions
during motion that give rise to collective motion is for the sake of more efficient
locomotion of the group as a whole, but the harem formation within a herd is
first and foremost due to reproductive reasons. Thus it is not surprising that the
reproductive benefits might outweigh the slight decrease in locomotive efficiency.
Third, the results obtained from our model are not in agreement with the
observed group size distribution of the herd that motivated our work (the latter
being a lognormal while the former being a normal distribution). Our sim-
ple model operates solely with interactions based on spatial distances, while
group-forming processes in real societies have many complex attributes, thus
deviations from the exact features of the empirical population is expected. On
the other hand, the collective motion in many species can be described by purely
distance-based interactions, making the exact nature of these deviations non-
trivial. Consequently, we propose further investigations of collectively moving
systems to find the properties that allow for the spatial formulation of interac-
tions within the system. It can be supposed that in systems where individuals
are interchangeable (in the meaning that individual recognition during the mo-
tion is not feasible), like a group of cells, ants or a flock of starlings, considering
only distance-based interactions is enough to reproduce the observed collective
motion pattern, but in animals living in structured social systems (and main-
taining an individual recognition), like horses, social factors are much more im-
portant during interactions than actual distances, thus interchangeability might
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be one such property.
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